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Abstract We show that any N -qubit state which is diagonal in the Greenberger-Horne-
Zeilinger basis is full N -qubit entangled state if and only if no partial transpose of the mul-
tiqubit state is positive with respect to any partition.
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1 Introduction

Quantum information theory [1, 2] relies on utilizing entangled state. Also there is much
research of nature of entangled states related to local realistic theories [3–5]. Separable state
and entangled state were defined in 1989 [6]. And it was discussed very much which state
is separable or entangled [7–14].

Peres and Horodecki provided the method of classification of a state. A multipartite state
ρ has positive partial transposes with respect to all subsystems if ρ is separable state [15].
The partial transpose of an operator on a Hilbert space H1 ⊗ H2 is defined by

(∑
l

A1
l ⊗ A2

l

)T1

=
∑

l

A1
l

T ⊗ A2
l , (1)

where the superscript T denotes transposition in the given basis. Especially, Horodecki et al.
showed [16] that the condition is sufficient for quantum states to be separable on H =
C2 ⊗ C2 and H = C2 ⊗ C3. However it was shown [17] that the condition is not sufficient
for quantum states to be separable in general.

For mixed high-dimensional multipartite states, the classification of quantum states be-
comes much more complicated. It will be helpful to give some discussions that determine
if a given state is full multipartite entangled state. Therefore several researches concerning
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to a sufficient condition of the detection of multipartite entangled state were reported (cf.
[18]). However, a necessary condition for a state to be full multipartite entangled state is
open question.

In this paper we provide a necessary and sufficient condition for a specific type of states
to be full N -qubit entangled state. Here, we shall investigate the property of any N -qubit
state which is diagonal in the Greenberger-Horne-Zeilinger (GHZ) [19, 20] basis. It turns
out that such a GHZ diagonal state is full N -qubit entangled state if and only if no partial
transpose of the multiqubit state is positive with respect to any partition.

Our result is generalization of the result presented in Refs. [7, 8] about a subset of the
family of GHZ diagonal states. Dür et al. propose [8] separability criterions about mixed
state group {ρN } in H = ⊗N

j=1 C2
j . Applying local operations, an arbitrary positive operator

ρ of N spin-1/2 systems can be transformed into one of the members of a family of positive
operators, i.e.,

ρ → ρN =
∑
σ=±

λσ
0 |�σ

0 〉〈�σ
0 | +

2(n−1)−1∑
h=1

λh(|�+
h 〉〈�+

h | + |�−
h 〉〈�−

h |), (2)

where |�±
h 〉 represent the orthonormal GHZ basis

|�±
h 〉 = 1√

2
(|h〉|0〉 ± |2N−1 − h − 1〉|1〉), (3)

where h = h1h2 · · ·hN−1 is understood in binary notation of h. Let us consider three-partite
system: Parties A, B, and C.

1. We assume a certain operation is (randomly) performed with p = 1/2, while no operation
is performed with p = 1/2.

2. It is easy to check that the following sequence of mixing operations is sufficient to make
ρ diagonal in the GHZ-basis without changing the diagonal coefficients.

3. In the first round we apply simultaneous spin flips at all three locations.
4. In the second and third round we apply σz to system B and C or A and C, respectively.
5. Finally, one can depolarize the subspace spanned by {|�±

h 〉} for each h > 0 by using
random operations that change |0〉 → eiφα |0〉α (α = A,B,C) with φA + φB + φC = 2π

(this condition ensures that λ±
0 remains unchanged).

We want to omit the final step. The generalization for multi-partite systems from three-
partite systems is straightway. Our result is for the general class of GHZ diagonal states.

First we note a definition of full N -qubit entangled state as follows:
Consider a partition of N -qubit system NN = {1,2, . . . ,N} into 2 nonempty and disjoint

subsets α1 and α2, where |α1| + |α2| = N , to which we refer as a bi-partite split of the
system. Let us consider a density operator W on H = ⊗N

j=1 Hj , where Hj represents the
subspace (it is a sub-Hilbert space of the full Hilbert space for j ) with respect to particle j .

A density operator W may be called bi-separable with respect to a partition α1, α2 iff it
can be written as

W =
∑

l

pl

(
2⊗

i=1

W
αi

l

)
,

(
pl ≥ 0,

∑
l

pl = 1

)
, (4)

where W
αi

l ,∀l are the density operators on the subspace
⊗

j∈αi
Hj . If a density matrix can

be written by a density matrix of the form (4), it is bi-separable with respect to a partition
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α1, α2. If the density matrix cannot be written by a density matrix of the form (4) with
respect to any partition, it is full N -qubit entangled state.

2 Necessary and Sufficient Condition for Bell Diagonal States to Be Entangled

In this section, we review the necessary and sufficient condition for Bell diagonal states to
be entangled as follows. Assume Bell diagonal states as

ρ = δ1|ψ+〉〈ψ+| + δ2|ψ−〉〈ψ−| + δ3|φ+〉〈φ+| + δ4|φ−〉〈φ−| (5)

where A = δ1 + δ2 + δ3 + δ4 = 1 and

|ψ+〉 = 1√
2
(|1,1〉 + |0,0〉),

|ψ−〉 = 1√
2
(|1,1〉 − |0,0〉),

(6)

|φ+〉 = 1√
2
(|1,0〉 + |0,1〉),

|φ−〉 = 1√
2
(|1,0〉 − |0,1〉).

We know that ρT ≥ 0 is the necessary and sufficient condition for the density matrix ρ to
be separable since positivity of partial transpose is the necessary and sufficient condition for
quantum states to be separable on C2 ⊗C2 [16]. The eigenvalues of partial transpose ρT are

B = δ1 − δ2 + δ3 + δ4,

C = δ1 + δ2 − δ3 + δ4,
(7)

D = δ1 + δ2 + δ3 − δ4,

E = −δ1 + δ2 + δ3 + δ4.

Thus, if and only if

ρT ≥ 0 ⇔ B,C,D,E ≥ 0, (8)

ρ is separable state.

3 Necessary and Sufficient Condition for GHZ Diagonal States to Be Full N -partite
Entangled

Consider a subset α ⊂ NN and a density operator W acting on H , let WTα denote the partial
transpose of all sites belonging to α. Let P denote a family of sets, which consists of all
unions of α1, α2 together with the empty set, so that P has 22 elements. A density operator
W may be called 2-positive partial transpose (2-PPT) with respect to this specific partition
iff WTα ≥ 0 for all α ∈ P .
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Total transposition preserves the spectrum of a bipartite state. Moreover, total transposi-
tion with respect to one side of the partition followed by total transposition corresponds to
partial transposition on the other side. Thus, in the partial transposition test, it is sufficient to
consider transposition with respect to only the sites belonging to α, (moreover, this means
that checking the positivity of the partial transpose with respect to α = ∅ or α = NN would
correspond just to check the positivity of the density matrix, which is positive by definition).

Clearly if a density operator W is not 2-PPT with respect to any partition, the state W

should be full N -qubit entangled state.
Let β be a subset β ⊂ NN and l(β) be an integer l1 · · · lN in binary notation with lm = 1

for m ∈ β and lm = 0 otherwise (0 ≤ l(β) ≤ 2N − 1).1

Using an integer l(β) and a subset α ⊂ NN ∧ α �= ∅, we introduce two vectors as
{⊗m∈α |lm〉,⊗m∈α |lm ⊕ 1〉} = {|Bβ(α)〉, |Bβ(α)〉}. Here lm ⊕ 1 is the bitwise XOR (ex-
clusive OR) of lm and 1. Hence, lm ⊕ 1 = 0 if lm = 1. And lm ⊕ 1 = 1 if lm = 0. Here both
vectors |Bβ(α)〉 and |Bβ(α)〉 are acting on the subspace

⊗
m∈α Hm. And 〈Bβ(α)|Bβ(α)〉 = 0

holds for every subset α,β . For a given α,β , two vectors (|Bβ(α)〉, |Bβ(α)〉) form a two-
dimensional space.

Again, consider a partition of N -qubit system NN = {1,2, . . . ,N} into 2 nonempty and
disjoint subsets α1 and α2, where |α1| + |α2| = N , to which we referred as a bi-partite split
of the system.

The orthonormal GHZ basis for 2N -dimensional space is covered by the following family
of states given by

|�±
β 〉 = 1√

2
(|Bβ(α1)|Bβ(α2)〉 ± |Bβ(α1)〉|Bβ(α2)〉), β ⊂ NN . (9)

Please notice that

|�±
β 〉〈�±

β | = |�±
NN \β〉〈|�±

NN \β |. (10)

Therefore, to make the GHZ basis for 2N -dimensional space, it is sufficient to consider 2N−1

kinds of subset (β) even though the cardinal number of subsets of NN is 2N .
In what follows, we shall show that any N -qubit state which is diagonal in the GHZ basis

is full N -qubit entangled state if and only if no partial transpose of the state is positive with
respect to any partition.

Let us consider such a multiqubit density operator X as

X = 1

2

∑
β⊂NN

(λ+
β |�+

β 〉〈�+
β | + λ−

β |�−
β 〉〈�−

β |). (11)

Of course (1/2)
∑

β⊂NN
(λ+

β + λ−
β ) = 1, λ+

β ≥ 0, λ−
β ≥ 0. The values of the positive coeffi-

cients of X, i.e., all λ are

λ±
β = 〈�±

β |X|�±
β 〉. (12)

In what follows, we shall show that X is bi-separable with respect to a partition α1 and
α2 if and only if the partial transpose with respect to the partition is positive, XTα1 ≥ 0.

1Therefore by using the following formula
∑N−1

i=0 2i = 2N − 1, we can see that l(β) = ∑N−1
i=0 lN−i (β)2i .
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We introduce a positive operator as

Yβ,α1,α2 = λ+
β |�+

β 〉〈�+
β | + λ−

β |�−
β 〉〈�−

β | + η+
β |
+

β 〉〈
+
β | + η−

β |
−
β 〉〈
−

β | (13)

where |
±
β 〉 is given by

|
±
β 〉 = 1√

2
(|Bβ(α1)〉|Bβ(α2)〉 ± |Bβ(α1)〉|Bβ(α2)〉). (14)

Here,

η±
β = 〈
±

β |X|
±
β 〉. (15)

The operator Yβ,α1,α2 is acting on subspace spanned by

|�+
β 〉 = 1√

2
(|Bβ(α1)〉|Bβ(α2)〉 + |Bβ(α1)〉|Bβ(α2)〉),

|�−
β 〉 = 1√

2
(|Bβ(α1)〉|Bβ(α2)〉 − |Bβ(α1)〉|Bβ(α2)〉),

(16)

|
+
β 〉 = 1√

2
(|Bβ(α1)〉|Bβ(α2)〉 + |Bβ(α1)〉|Bβ(α2)〉),

|
−
β 〉 = 1√

2
(|Bβ(α1)〉|Bβ(α2)〉 − |Bβ(α1)〉|Bβ(α2)〉).

Clearly, the above set of four vectors is analogous to the set of four vectors presented in (6).
Hence, we see that a generic bipartite state is mapped in an operator as in (13). We thus
see that an operator in (13) described in N -qubit system is analogous to a quantum state
in (5) described in two-qubit system. But normalization factor may be different. That is,
Aβ = λ+

β + λ−
β + η+

β + η−
β ≤ 1. In order to follow the analogy to two-qubit Bell diagonal

states, we introduce the following notations as

Bβ = λ+
β − λ−

β + η+
β + η−

β ,

Cβ = λ+
β + λ−

β − η+
β + η−

β ,
(17)

Dβ = λ+
β + λ−

β + η+
β − η−

β ,

Eβ = −λ+
β + λ−

β + η+
β + η−

β .

Then, if and only if

Y
Tα1
β,α1,α2

≥ 0 ⇔ Bβ,Cβ,Dβ,Eβ ≥ 0. (18)

Yβ,α1,α2/Aβ is bi-separable with respect to a partition α1 and α2 since positivity of partial
transpose is the necessary and sufficient condition for quantum states to be separable on
C2 ⊗C2 [16]. That is, we have considered the positive operator Yβ,α1,α2 as a two-qubit state.
Hence, if and only if the condition (18) holds, Yβ,α1,α2 can be written as

Yβ,α1,α2 =
∑

l

ql

(
W

α1
l ⊗ W

α2
l

)
,

(
ql ≥ 0,

∑
l

ql = Aβ ≤ 1

)
. (19)
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One has

X = (1/4)
⊗

β⊂NN

Yβ,α1,α2 . (20)

Hence, we have

XTα1 = (1/4)
⊗

β⊂NN

Y
Tα1
β,α1,α2

. (21)

This implies XTα1 ≥ 0 ⇔ Y
Tα1
β,α1,α2

≥ 0 : ∀β ⊂ NN . Hence, X is bi-separable with respect to a
partition α1 and α2 if and only if the partial transpose with respect to the partition is positive,
XTα1 ≥ 0.

On the other hand, X is full N -qubit entangled state if there is no partition α1, α2 such
that XTα1 ≥ 0.

Our result is constructed by Theorem 3 in [16] and by sub-transformation (not full-
transformation) of a quantum state discussed in [8]. We can consider the following example:

((1 − ε)/2)|GHZ+〉〈GHZ+| + ((1 − ε)/2)|GHZ−〉〈GHZ−|
+ ε|GHZA〉〈GHZA|, (22)

where

|GHZ+〉 = |000 . . .0〉 + |111 . . .1〉√
2

, (23)

|GHZ−〉 = |000 . . .0〉 − |111 . . .1〉√
2

, (24)

|GHZA〉 = |00 . . .011 . . .1〉 + |11 . . .100 . . .0〉√
2

. (25)

We see that quantum state (22) is full entangled state if ε > 1/2.

4 Summary

In summary, we have investigated a specific type of N -qubit states and showed that any N -
qubit state which is diagonal in the GHZ basis is bi-separable for a partition if and only if
partial transpose of the multiqubit state is positive with respect to the partition. This implies
that there is no positive partial transpose for any subsystems if and only if the GHZ diagonal
N -qubit state is full N -qubit entangled state.

We cannot generalize our arguments into general multiqubit states, just because there are
PPT entangled states of 4 qubits. For instance, in [21], a 4-qubit state is discussed which is
positive under transposition on qubits 3,4, but entangled with respect to the two-component
partition {1,2,3,4} = {1,2} ∪ {3,4}.
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